Abstract. In this paper we study multiplicative dependence of values of polynomials or rational functions over a number field. As an application, we obtain new results on multiplicative dependence in the orbits of a univariate polynomial dynamical system. We also obtain a broad generalisation of the Northcott theorem replacing the finiteness of preperiodic points from a given number field by the finiteness of initial points with two multiplicatively dependent elements in their orbits.
1. Introduction 1.1. Motivation and background. We say that non-zero complex numbers α 1 , . . . , α n are multiplicatively dependent if there exist integers k 1 , . . . , k n , not all zero, such that
Consequently, a point in the complex space C n is called multiplicatively dependent if its coordinates are all non-zero and are multiplicatively dependent.
The same definition of multiplicative dependence applies to rational functions as well. Moreover, we say that rational functions ϕ 1 , . . . , ϕ s ∈ C(X) are multiplicatively independent modulo constants if there is no non-zero integer vector (k 1 , . . . , k s ) such that initiated by Bombieri, Masser and Zannier [5] (see also [32] ). It is well known (see, for example, [4, Corollary 3.2.15] ) that each such subgroup of G n m is defined by a finite set of equations of the shape X k 1 1 · · · X kn n = 1, with integer exponents not all zero. That is, the work [5] is about multiplicative dependence of points on a curve. It has been proved in [5, Theorem 1] that, under the assumption that X is not contained in any translate of a proper algebraic subgroup of G n m , the multiplicatively dependent points on X (Q) form a set of bounded (absolute logarithmic) Weil height.
Most recently, a new point of view has been introduced in [22] . In particular, the structure of multiplicatively dependent points on X (K ab ) has been established in [22] , where K ab is the maximal abelian extension of a number field K. In turn this implies that the set of such points is finite if X is of positive genus (see [22, 
). However, other than the structure, this result does not tell us further information about the case when X is of genus zero. Here we address this issue and give several applications to algebraic dynamical systems.
In algebraic geometry (see, for instance, [16, Section 1.2]), a rational curve defined over a field F is a curve birationally isomorphic to the projective line P 1 . If F is algebraically closed, this is equivalent to a curve of genus zero. Moreover, each rational curve can be parametrized in the form (ϕ 1 (X), . . . , ϕ s (X)), where ϕ i ∈ F(X) are rational functions, not all constant. Conversely, each curve of this form represents a rational curve. So, when considering multiplicatively dependent points on a curve of genus zero, we essentially study multiplicative dependence in values of some rational functions, which is exactly the topic of this paper. Since we only discuss multiplicative dependence for non-zero complex numbers, this setting automatically excludes poles and zeros of rational functions. See also [7] for the case of translations of algebraic numbers.
This work is also partially motivated by a series of recent results on the distribution of roots of unity and, more generally, of algebraic numbers of bounded house (we refer to Section 1.2 for a precise definition) in orbits of rational functions. Here, we consider a broad generalisation of such problems and in particular study the multiplicative dependence of several consecutive iterations ϕ (n+1) (α), . . . , ϕ (n+s) (α).
Recall that for a rational function ϕ ∈ K(X), the n-th iterate ϕ (n) of ϕ is recursively defined by ϕ (0) = X, and ϕ (n) = ϕ ϕ (n−1) , n ≥ 1.
For an element α ∈ Q we define the orbit of ϕ at α as the set (1.1) Orb ϕ (α) = {u n : u 0 = α, u n = ϕ(u n−1 ), n = 1, 2, . . .}.
Remark 1.1. The iterations in the orbit Orb ϕ (α) are defined until some point u n−1 hits a pole of ϕ. Moreover, if some point u n , n ≥ 1, in (1.1) is defined, then α is not a pole of ϕ (n) and u n = ϕ (n) (α). However, the converse is not true, and the fact that the evaluation ϕ (n) (α) is defined does not imply the existence of u n , since it is defined if and only if all the previous points u 0 , . . . , u n−1 of the orbit (1.1) are defined and u n−1 is not a pole of ϕ. Clearly, for polynomial systems this distinction does not exist.
Definition 1.2 (Periodic and preperiodic points).
We say that α ∈ Q is a periodic point for ϕ if ϕ (n) (α) = α for some positive integer n, and we say that α is a preperiodic point for ϕ if ϕ (m) (α) is a periodic point for some positive integer m.
The famous Northcott theorem, see [27, Theorem 3.12] , gives the finiteness of preperiodic points for ϕ contained in a number field and of bounded Weil height when ϕ is of degree at least 2. Here we obtain an extension of this finiteness result in a new direction, which involves the notion of multiplicative dependence instead of equality.
1.2.
General notation and convention. Throughout the paper, we use the following notation:
Q: the algebraic closure of the rational numbers Q; U: the set of all roots of unity in the complex numbers C; K: an algebraic number field; d K : the degree over Q of the number field K; Z K : the ring of integers of K; K c = K(U): the maximal cyclotomic extension of K; K ab : the maximal abelian extension of K; ϕ ϕ ϕ = (ϕ 1 , . . . , ϕ s ) ∈ C(X) s : a vector of rational functions; ϕ ϕ ϕ(α) = (ϕ 1 (α), . . . , ϕ s (α)) ∈ C s for α ∈ C. We recall that by the Kronecker-Weber theorem, Q c = Q ab , see [28, Chapter 14] . However, generally we can only claim K c ⊆ K ab . We reserve |α| for the usual absolute value of α ∈ C and use α for the house of α, which is the maximum of absolute values |σ(α)| of the conjugates σ(α) over Q of α ∈ Q.
Height always means the absolute logarithmic Weil height which we denote by h(α) for non-zero α ∈ Q, see [4, 31] .
For a rational function ϕ ∈ K(X) with ϕ = f /g, f, g ∈ K[X] and gcd(f, g) = 1, we define the degree of ϕ, denoted by deg ϕ, to be max{deg f, deg g}. We say that ϕ is monic, if both f and g are monic.
Definition 1.3 (Special rational functions). We say that a rational function ϕ ∈ K(X) of degree d is special if ϕ is a conjugate, with respect to the conjugation action given by PGL 2 
Here, we use T d to denote the Chebyshev polynomial of degree d which is uniquely defined by the functional equation
Throughout the paper, we use the Landau symbol O and the Vinogradov symbol ≪. Recall that the assertions U = O(V ) and U ≪ V are both equivalent to the inequality |U| ≤ cV with some absolute constant c > 0. To emphasise the dependence of the implied constant c on some parameter (or a list of parameters) ρ, we write U = O ρ (V ) or U ≪ ρ V .
1.3.
Main results and methods. First, we show that under rather natural conditions on ϕ ϕ ϕ ∈ K(X) s the point ϕ ϕ ϕ(α) is multiplicatively independent for all but finitely many elements α ∈ K ab , see Theorem 4.2 below.
Then, in Section 4.2 we establish several results about multiplicative independence of s ≥ 1 consecutive elements in an orbit of a polynomial for all but finitely many initial values α ∈ K c . These give a very broad generalisation of previously known results on roots of unity in orbits (which corresponds to s = 1).
In Section 4.3 we investigate the question of multiplicative dependence of pairs of elements (not necessary consecutive) in orbits. More precisely, we prove in Theorem 4.11 that for a polynomial f ∈ K[X] of degree at least two and without multiple roots, there are only finitely many elements α ∈ K such that for some distinct integers m, n ≥ 0 the values f (m) (α) and f (n) (α) are multiplicatively dependent. In particular, this can be considered as an extension of the Northcott theorem, see [27, Theorem 3.12] , about the finiteness of preperiodic points (clearly f (m) (α) = f (n) (α) can be considered as a very special instance of multiplicative dependence).
The proofs of the above results rest on Section 2, where we collect several general statements about polynomials and their iterations, and on Section 3 where we present more specialised auxiliary results, some of which are new and maybe of independent interest.
The results of Section 4.2 are based on a combination of several ideas. First we need to record a rather precise description of the structure of multiplicatively dependent values of rational functions in elements from K ab , see Lemma 3.9 below, complementing [22, Theorem 2.1]. The proof is based on the ideas of Bombieri, Masser and Zannier [5] and is similar to those in [22] . This description is then combined with an argument of Dvornicich and Zannier [8] , which has recently also been used in [21] . However, compared to the orginial scheme of [8] now somewhat simpler argument is possible, thanks to the results of Fuchs and Zannier [10] , which in turn extend previous results of Zannier [30] from Laurent polynomials to arbitrary rational functions.
The main result of Section 4.3, that is, Theorem 4.11 is based on some classical Diophantine techniques. More precisely, we use results about the finiteness of perfect powers amongst polynomial values, which are due to Bérczes, Evertse and Györy [3] , combined with the celebrated result of Faltings [9] on the finiteness of rational points on a plane curve of genus g > 1.
Further generalisations.
It is easy to see that some of our results can be extended to any field with the Bogomolov property, that is, fields L ⊆ Q for which there exists a constant c L > 0, such that for any non-zero α ∈ L \ U we have h(α) ≥ c L . In particular, from [2, Theorem 1.2] it follows that K ab has the Bogomolov property, see [1, 11, 13, 14] for non-abelian examples of such fields and further references.
Preliminaries
2.1. Bounding exponents in multiplicative relations. One of our main tools is the following result obtained in the proof of [22, Theorem 2.1], which follows the same approach as in [5, Theorem 1] . It can be seen as a generalisation of Loxton and van der Poorten's result [20, 24] on bounding exponents of multiplicative relations of algebraic numbers.
s whose components are multiplicatively independent modulo constants. Then, for any α ∈ K ab such that the point ϕ ϕ ϕ(α) is multiplicatively dependent, there exist integers k 1 , . . . , k s , not all zero, satisfying
for some root of unity ζ ∈ U ∩ K(α).
We remark that the necessary condition "multiplicatively independent modulo constants" in Lemma 2.1 comes from [5, Theorem 1 and Theorem 1']; see also [22, Remark 2.6] . Here, we present a simple example. Take ϕ 1 = X + 1, ϕ 2 = X − 1, ϕ 3 = 2(X 2 − 1), then ϕ 1 , ϕ 2 , ϕ 3 are multiplicatively independent but they are not multiplicatively independent modulo constants. For any integer m ≥ 2, let α m = 2 m − 1. Then, we have the multiplicative dependence relation
where the absolute values of the exponents go to infinity as m goes to infinity.
2.2.
Hilbert's Irreducibility Theorem over K c . We need the following result due to Dvornicich and Zannier [8, Corollary 1] . We present it however in a weaker form as in [21, Lemma 2.1] that is needed for our purpose, but the proof is given within the proof of [8,
c for only finitely many roots of unity ζ.
Representations via linear combinations of roots of unity.
Loxton [19, Theorem 1] has proved that any algebraic integer α contained in some cyclotomic field has a short representation as a sum of roots of unity, that is, α = Lemma 2.4. Let F be an arbitrary field of characteristic zero, and let f ∈ F[X] be a polynomial of degree at least 2 which is not a monomial. Then, for any fixed integer n ≥ 1, the polynomials f (1) (X), . . . , f (n) (X) are multiplicatively independent modulo constants.
We also note that the result of [29, Corollary 1.2] applies to rational functions as well, under some mild conditions.
Arithmetic properties of polynomials and their iterations
3.1. Growth of the number of terms in iterates of rational functions. Another important tool for our main results is a bound of Fuchs and Zannier [10, Corollary] , on the number of terms in the iterates of a rational function. First we introduce the following:
Definition 3.1 (Sparsity of rational functions). We define the sparsity S(ϕ) of a rational function ϕ ∈ C(X) as the smallest number of total terms (in both numerator and denominator) in any
It is important to note that in Definition 3.1 we do not impose the coprimality condition on the polynomials f and g.
We present next the result of Fuchs and Zannier [10, Corollary] in the form that is needed for this paper, that is, for iterates of polynomials. We note that their result is proven for iterates of rational functions of degree d ≥ 3. Although it is very likely that [10, Corollary] can be extended to rational functions of degree d = 2 as well, see the comments after [10, Corollary] , here we choose a simpler path which is quite sufficient for our purpose. First we need the following simple statement about the Chebyshev polynomial T 4 of degree 4.
Proof. Recall the explicit form T 4 (X) = X 4 − 4X 2 + 2. We can assume that f (X) = aX 2 + bX + c, a = 0. Clearly, the coefficient of X 3 in f (2) (X) comes only from the term af (X) 2 and is equal to 2a
From the second relation above, we derive 2a 3 c = −4a, and since a 3 = 1 we obtain c = −2a. Hence,
and recalling the third relation, we obtain a = 1 and thus c = −2.
Now, we are ready to present the following slight variation of the result of Fuchs and Zannier in [10, Corollary] . Lemma 3.3. Let F be a field of characteristic zero. Let q ∈ F(X) be a non-constant rational function, and let f ∈ F[X] be of degree d ≥ 2. Assume that f is not special. Then, for any n ≥ 1 we have
Proof. If d ≥ 3, then the claimed result is included in [10, Corollary] .
In the following, we assume that d = 2. Since S f (n) (q(X)) ≥ 1 we can obviously assume that n > 5. If n = 2m is even, then setting g(X) = f (2) (X), we see from Lemma 3.2 that g is also not special, and then for
which is better than the claimed result. Now, assume that n = 2m − 1 is odd. Since n > 5, we have m > 3. We rewrite
then as the previous case, we obtain
This completes the proof.
3.2.
On the size of elements in orbits. We make use of the following simple facts about the growth of elements in orbits, which are given in different forms or follow exactly the same proof as in [6, Lemma 3.5] and [21, Lemma 2.5, Lemma 2.7 and Corollary 2.8].
We separate them into Archimedean and non-Archimedean cases.
where the maximum is taken over all embeddings
|} n∈N is a strictly increasing sequence for any embedding σ of K into C; (ii) f (n) (α) ≤ A for some positive real number A and some integer n ≥ 1, then
for a non-archimidean absolute value | · | v of K (normalised in some way and extended to Q). Then, {|f (n) (α)| v } n∈N is a strictly increasing sequence.
However, we also need a different form of Lemmas 3.4 and 3.5, which we present below.
Then, there exists a real number L > 0 and an integer E, both depending only on f , such that, for any non-zero α, β ∈ Q with β ≪ 1, we have:
If β is an algebraic integer and βf (n) (α) is also an algebraic integer for some n ≥ 1, then Eβf (r) (α) is also an algebraic integer for any 0 ≤ r ≤ n − 1.
and let L be defined by (3.1). Then, for any k ≥ 1, one has
From the hypothesis, we know that g (n) (βα) ≤ A for some n ≥ 1. Now, applying Lemma 3.4 with the polynomial g and the initial point βα, we obtain that
for all 0 ≤ r ≤ n − 1, where as in (3.1)
where the maximum is taken over all embeddings σ of K into C. However, since β ≪ 1, we have L g ≪ L, and thus
for all 0 ≤ r ≤ n − 1. This concludes the part (i).
(ii) We enlarge the field K if needed such that it contains α, β. Let | · | v be any non-archimidean absolute value of K. From the hypothesis we know that g (n) (βα) is an algebraic integer, and so |g (n) (βα)| v ≤ 1. Then, by Lemma 3.5, applied again to the polynomial g and the initial points g (r) (βα), r = 0, 1, . . . , n − 1, we see that the analogue of the condition (3.2) fails and we obtain that
Since |β| v ≤ 1 (note that β is an algebraic integer), we deduce that
Taking now a sufficiently large integer E such that Ea i /a d and E/a d are algebraic integers and so
is an algebraic integer for any integer r with 0 ≤ r ≤ n − 1.
3.3.
Compositions of rational functions and monomials. We need the following result which claims that the compositions of rational functions usually cannot give a monomial.
Lemma 3.7. Let ϕ ∈ Q(X) be a rational function. Assume that ϕ is not a power of a linear fractional function. Then, for
there exists no rational function S ∈ Q(Y ) such that
Proof. Without loss of generality, we can assume that ϕ is non-constant. By contradiction, suppose that there exists a non-constant rational function
with gcd(S 1 , S 2 ) = 1, and a positive integer m ≥ 1 such that
Let β 1 , . . . , β t ∈ Q be all the distinct zeros and poles of ϕ. Then R(X, Y ) becomes
for some a ∈ Q * and some non-zero integers D 1 , . . . , D t . If ϕ has no poles, then the factor j:D j <0 (X − β j ) −D j automatically becomes 1. We set a similar convention when ϕ has no zeros.
We denote
Since gcd(S 1 , S 2 ) = 1 and all β i , i = 1, . . . , t, are pairwise distinct, we know that for any i = j we have
We remark that if S 2 is constant then the factors S 1 − β j S 2 are not constant and that, otherwise, at least one of
is not constant, it is easy to see from (3.4), (3.5) and from this remark, that if D = 0 then S 2 is constant and ϕ has only one zero of multiplicity m. Similarly, if D = 0 then ϕ has exactly one zero and one pole both of multiplicity m. This completes the proof by noticing the choice of ϕ. Lemma 3.9. Let ϕ ϕ ϕ = (ϕ 1 , . . . , ϕ s ) ∈ K(X) s whose components are multiplicatively independent modulo constants. Then, there exist an integer A ≥ 1 and a finite set S ⊆ K * both depending only on d K and ϕ ϕ ϕ, such that each element α ∈ K ab , for which ϕ ϕ ϕ(α) is a multiplicatively dependent point, satisfies [K c (α) :
where a ∈ S, η ∈ U∩K(α), and γ ∈ K(α) with γ ≤ A and Aγ ∈ Z K(α) .
In particular, if ϕ 1 , . . . , ϕ s are all monic, one can choose a = 1.
Proof. Let α ∈ K ab be such that ϕ ϕ ϕ(α) is multiplicatively dependent. Then, by Lemma 2.1, we know that there exist k 1 , . . . , k s ∈ Z, not all zero, satisfying
and such that
with gcd(f i , g i ) = 1. Then, from (3.7) we obtain that α is a root of the polynomial
with coefficients of absolute value upper bounded only in terms of d K and ϕ ϕ ϕ. Since ϕ 1 , . . . , ϕ s are multiplicatively independent, Ψ is a nonzero polynomial.
In view of (3.8), we can find a positive integer D depending only on
Note that we have two cases. One is that the leading coefficient of Ψ(X) is b or bζ for some b ∈ K * (b depends only on d K , ϕ ϕ ϕ), and so in this case, it is easy to see that E 1 α is an algebraic integer for some large integer E 1 depending only on d K , ϕ ϕ ϕ, and
Thus, the claimed form of α follows by choosing a = 1, η = −1 and putting γ = α(1 − η) = 2α, where we still have 
So, it is easy to see that we can choose a large integer E 2 depending only on d K , ϕ ϕ ϕ such that E 2 β is an algebraic integer, and by (3.10) we also have
Then, let a = c/b, γ = β/b and η = ζ. Based on the choices of b, c, we know that a ∈ K * depends only on d K , ϕ ϕ ϕ, and thus the finiteness of choices of a follows from (3.6). We can also enlarge E 2 if needed such that E 2 γ is also an algebraic integer (E 2 still depends only on d K , ϕ ϕ ϕ), and also
Thus, from (3.9) and (3.11) we have proved that there exists an integer B ≥ 1 that depends only on d K , ϕ ϕ ϕ such that we always have γ ≤ B.
Taking now A = max(B, D, E 1 , E 2 ), we conclude the proof.
Remark 3.10. We see from Lemma 3.9 that if the components of ϕ ϕ ϕ are all monic, then for each such α ∈ K ab , there exists an algebraic integer δ ∈ K ab (that is, δ = A(1 − η) with A and η as in Lemma 3.9) with |δ| ≤ 2A such that αδ is an algebraic integer, which roughly means that the "denominator" of α is uniformly bounded.
Remark 3.11. In Lemma 3.9, even if we assume that such α are algebraic integers, we cannot have that the house α of such α is uniformly upper bounded (that is, only in terms of d K , ϕ ϕ ϕ); see Example 3.12 below.
Example 3.12. Choose ϕ 1 (X) = X and ϕ 2 (X) = X +1. Certainly, ϕ 1 and ϕ 2 are multiplicatively independent modulo constants. However, for any n-th root of unity ζ n = 1, let α = 1/(ζ n − 1). It is easy to see that ϕ 1 (α) and ϕ 2 (α) are multiplicatively dependent. In addition, it is well-known (see [28, Proposition 2.8] ) that if n has at least two distinct prime factors, then ζ n − 1 is a unit of Z[ζ n ], and thus 1/(ζ n − 1) is an algebraic integer.
Remark 3.13. There are also some cases where one can claim the finiteness of the set of α in Lemma 3.9. Here are some examples.
(1) If ϕ ϕ ϕ ∈ (K(X)∩R(X)) s , then one immediately obtains the finiteness of such α ∈ K ab ∩ R in Lemma 3.9. This follows directly from the proof of Lemma 3.9, since in this case in (3.7) we have ζ = ±1 because the left-hand side is real, and then in (3.8) the polynomial Ψ(X) is defined over K and has bounded degree. So, such elements α ∈ K ab ∩ R are of bounded degree and bounded height, which leads to the finiteness. (2) Similarly, if K is a totally real number field, then there are only finitely many elements α ∈ Q tr , where Q tr is the field of all totally real algebraic numbers, such that the point ϕ ϕ ϕ(α) is multiplicatively dependent. This conclusion follows since Lemma 2.1 still holds when we replace K ab by Q tr . Indeed, the proof of Lemma 2.1 for Q tr follows the same as in the proof of [22, Theorem 2.1], where instead of [2, Theorem 1.2] one uses an early result due to Schinzel [26] on the heights of totally real algebraic numbers. So, in this case, the inequality (3.6) still holds, and in (3.7) we also have ζ = ±1.
For the two examples in Remark 3.13, we want to indicate that Q ab ∩ R Q tr . This is based on two facts: one is that any abelian extension of Q is either totally real, or contains a totally real subfield over which it has degree two; and the other is that there exist totally real fields which are not abelian over Q.
Main Results

4.1.
Finiteness of multiplicatively dependent values. Now, we give a stronger version of Lemma 3.9 by proving finiteness of α ∈ K ab for which ϕ ϕ ϕ(α) is a multiplicatively dependent point for a class of ϕ ϕ ϕ ∈ K(X) s . First, we introduce a definition. Note that a linear fractional function can be a constant function, and the zero power of a linear fractional function is 1 by convention. So, if ϕ 1 , . . . , ϕ s cannot multiplicatively generate a power of a linear fractional function, then they are automatically multiplicatively independent modulo constants.
The possibility of the following result has been indicated in [22, Remark 4.2], here we present it in full detail.
s whose components cannot multiplicatively generate a power of a linear fractional function. Then, there are only finitely many elements α ∈ K ab such that ϕ ϕ ϕ(α) is a multiplicatively dependent point.
Proof. First, we remark that it is enough to prove the finiteness of the elements α ∈ K c such that ϕ ϕ ϕ(α) is multiplicatively dependent. Indeed, if X is the rational curve parametrized by ϕ ϕ ϕ, then proving the theorem is equivalent to showing that there are only finitely many multiplicatively dependent points in X (K ab ). By [22, Theorem 2.1 and Remark 2.2], the set of dependent points in X (K ab ) is the union of a finite set with the dependent ones in X (K c ). Let now α ∈ K c such that ϕ ϕ ϕ(α) is a multiplicatively dependent point. By Lemma 2.1, one can find integers k 1 , . . . , k s , not all zero, that are uniformly bounded only in terms of d K and ϕ ϕ ϕ, such that
ks is not a power of a linear fractional function. Then, from Lemma 3.7, we conclude that there is no rational function S(Y ) ∈ K c (Y ) such that R(S(Y ), Y m ) = 0 for any m ≥ 1. Applying now Lemma 2.2 to the numerator of R(X, Y ), we obtain that there are only finitely many roots of unity ζ ∈ U such that R(X, ζ) has a zero in K c . Noticing again that k 1 , . . . , k s are all uniformly bounded only in terms of d K and ϕ ϕ ϕ, we have that there are only finitely many equations of the form (4.1), and thus we conclude the proof. Remark 4.3. We remark that in the above finiteness result, the number of such α depends on K, ϕ ϕ ϕ. Besides, Example 3.12 suggests that the assumption in Theorem 4.2 is indeed necessary. Remark 4.4. Theorem 4.2 can be interpreted that under a rather weak condition, the rational curve X parametrized by ϕ ϕ ϕ has only finitely many multiplicatively dependent points defined over K ab .
4.2.
Finiteness of consecutive multiplicatively dependent elements in orbits. First we consider compositions of polynomial iterations with several multiplicatively independent rational functions. These results generalise that of [21] on roots of unity in orbits of a wide class of rational functions. For this we recall the definition of a special rational function as in Definition 1.3.
Theorem 4.5. Let ϕ ϕ ϕ ∈ K(X) s whose components are multiplicatively independent modulo constants, and let f ∈ K[X] be a non-special polynomial of degree at least 2. Then, the following hold:
(i) there exists a non-negative integer n 0 depending only on f, ϕ ϕ ϕ and K such that there are at most finitely many elements α ∈ K c for which ϕ ϕ ϕ f (n) (α) is a multiplicatively dependent point for some integer n ≥ n 0 ; (ii) if furthermore the components of ϕ ϕ ϕ cannot multiplicatively generate a power of a linear fractional function, then (i) holds with n 0 = 0.
Proof. (i) Let α ∈ K c be such that ϕ ϕ ϕ f (n) (α) is multiplicatively dependent for some integer n ≥ 0. Then, applying Lemma 3.9 we have
where a α,n is in a finite set S ⊆ K * , η α,n ∈ U ∩ K(α), and γ α,n ∈ K(α) such that
, and there exists a sufficiently large integer where B defined below is a constant depending only on f, ϕ ϕ ϕ and K.
We also denote by S f,ϕ ϕ ϕ (M) the set of α ∈ K c such that the point ϕ ϕ ϕ f (n) (α) is multiplicatively dependent for some integer n > M. Our purpose is to show that S f,ϕ ϕ ϕ (M) is a finite set.
Let now α ∈ S f,ϕ ϕ ϕ (M). Using (4.2), we apply Lemma 3.6 to conclude, since a α,n − η α,n ≪ d K ,ϕ ϕ ϕ 1 and A(a α,n − η α,n )f (n) (α) is an algebraic integer, that
and there exists a positive integer E ≪ f,d K ,ϕ ϕ ϕ 1 with the property that E(a α,n − η α,n )f (r) (α) is an algebraic integer for any 0 ≤ r ≤ M. Applying now Lemma 2.3 for E(a α,n − η α,n )f (r) (α), r = 0, 1, . . . , M, there exist a positive integer B (depending only on f, ϕ ϕ ϕ, K) and a finite set E (depending only on K) such that we can write E(a α,n −η α,n )f (r) (α) in the form
where c α,r,i ∈ E and ξ α,r,i ∈ U. By contradiction, suppose that S f,ϕ ϕ ϕ (M) is an infinite set. Then, since both S and E are finite sets, we can choose an infinite subset T f,ϕ ϕ ϕ (M) of S f,ϕ ϕ ϕ (M) such that for any α ∈ T f,ϕ ϕ ϕ (M), the coefficients a α,n and c α,r,i ∈ E in (4.4) are all fixed (independent of α) for r = 0, 1, . . . , M and i = 1, 2, . . . , B. For these fixed coefficients, to simplify the notation from now on, we denote a = a α,n and c r,i = c α,r,i .
So, it suffices to consider the elements in T f,ϕ ϕ ϕ (M).
We use the first equation corresponding to r = 0 to replace α ∈ T f,ϕ ϕ ϕ (M) on the left-hand side of (4.4) and thus consider the equations with unknowns Y, X r,i , r = 0, 1, . . . , M, i = 1, 2, . . . , B: By the toric analogue of the Manin-Mumford conjecture (also called the torsion points theorem) proved by Laurent [18] and also more elementary by Sarnak and Adams [25] , there exists a 1-dimensional torsion coset of G B(M +1)+1 m contained in the Zariski closure of the torsion points in the variety Z. We can parametrize this coset by X r,i = β r,i t e r,i and Y = τ t ℓ with a parameter t, where β r,i , τ are roots of unity and e r,i , ℓ are integers, not all zero, and so we obtain the following identities 
the equation (4.6) shows that f (r) (q(t)), r = 1, . . . , M, is a rational function having all together at most B + 2 terms. Since f is a nonspecial polynomial of degree at least 2, we directly apply Lemma 3.3 to conclude that we must have
which contradicts the choice of M as in (4.3). Thus, S f,ϕ ϕ ϕ (M) is a finite set. Taking n 0 = M + 1, this concludes the proof of the first part (i).
(ii) From Theorem 4.2, we know that there are only finitely many elements β ∈ K c such that ϕ ϕ ϕ(β) is multiplicatively dependent. We can fix one such β ∈ K c , and we are thus left to prove that there are only finitely many α ∈ K c such that f (n) (α) = β for some n ≥ 0. Let M be a positive integer chosen to satisfy (4.3). It has been proved in the above that S f,ϕ ϕ ϕ (M) is a finite set. So, we only need to consider n ≤ M. Since β ∈ K c is fixed, we conclude that there are only finitely many α ∈ K c satisfying f (n) (α) = β for any 0 ≤ n ≤ M. This completes the proof. Remark 4.6. It is plausible that the result in Theorem 4.5 and the rest of results of this section also hold when we replace the polynomial f by a non-special rational function g/h ∈ K(X) with g, h ∈ K[X] and deg g − deg h > 1; see [6, 21] .
Remark 4.7. We note that a weaker statement of Theorem 4.5 (ii) may also follow from [6, Theorems 1.5 and 2.5], under several other restrictions on the polynomial f . Indeed, from the proof of Theorem 4.5 (ii), we can fix an element β ∈ K c and reduce the problem to proving that there are only finitely many α ∈ K c such that f (n) (α) = β for some n ≥ 1. In particular this means f (n) (α) ≪ 1. We apply now [6, Theorem 1.5] to conclude that there are only finitely many such α ∈ K c , under the condition that there does not exist a rational function S(X) ∈ K c (X) such that f (S(X)) is a "short" Laurent polynomial. Corollary 4.9. Let f ∈ K[X] be non-special and of degree at least 2. Then, for any integer s ≥ 1, the following hold:
(i) there are only finitely many α ∈ K c such that the s consecutive iterations f (n+1) (α), . . . , f (n+s) (α) are multiplicatively dependent for infinitely many integers n ≥ 0; (ii) if furthermore the iterations of f cannot multiplicatively generate a power of a linear fractional function, then there are only finitely many α ∈ K c such that the s consecutive iterations f (n+1) (α), . . . , f (n+s) (α) are multiplicatively dependent for some integer n ≥ 0. 
4.3.
Finiteness of multiplicatively dependent points in orbits at arbitrary positions. Recall that Z K is the ring of integers of K. Our main result below relies on some finiteness results on the number of perfect powers amongst polynomial values (see [3] ), as well as the result of Faltings [9] on the finiteness of K-rational points on curves of genus greater than one. Theorem 4.11. Let f ∈ K[X] be a polynomial without multiple roots, of degree d ≥ 3 or, if d = 2, we also assume that f (2) has no multiple roots. Then, there are only finitely many elements α ∈ K such that for some distinct integers m, n ≥ 0 the values f (m) (α) and f (n) (α) are multiplicatively dependent.
Choose now a sufficiently large number N > L (see the end of the proof), where L is defined by (3.1). Denote by T (N, K) the set of elements α ∈ K with α ≤ N. Then, T (N, K) is a set of bounded height contained in K, and so it is a finite set. Thus, we only need to consider elements in the set K \ T (N, K) . Now, for α ∈ K \ T (N, K), assume that there exists a pair of nonnegative integers (m, n) with m > n such that for some integers k and ℓ with (k, ℓ) = (0, 0), we have Since f (m−1) (α) ∈ K, by the Northcott theorem we conclude that there are only finitely many possible values of f (m−1) (α), and thus the inequality (4.13) holds again.
Case II: α ∈ Z K,S f . We choose a prime ideal p of Z K with p ∈ S f and v p (α) < 0.
Then, using (4.11), we see that p ∈ S f (m) and thus we easily derive . By the celebrated result of Faltings [9] , we know that the curve f (X) = Y d 3 has only finitely many L-rational points, and in particular this implies that we have the inequality (4.13) again.
Therefore, we can always choose the constant N above to be sufficiently large (depending on f, K) such that (4.13) can be written as
This together with Lemma 3.4 (ii) implies that α ≤ N, which however contradicts the assumption α > N. Therefore, we see that there is no α ∈ K \ T (N, K) which satisfies (4.7). This completes the proof.
Remark 4.12. We note that the assumption that f (2) has no multiple roots when d = 2 in Theorem 4.11 is equivalent to imposing that the critical point of f is not a root of f (2) .
We remark that since Faltings' theorem is ineffective, the result in Theorem 4.11 is also ineffective.
We note that Theorem 4.11 also implies that if we fix a non-preperiodic point α ∈ K, then there are only finitely many n ≥ 1 such that α and f (n) (α) are multiplicatively dependent. However, such a conclusion can be easily obtained in much greater generality as in the next result.
We also note that if ϕ ∈ K[X] is of degree at least 2 and not special, then by [8, Theorem 2] there are only finitely many preperiodic points α ∈ K c of ϕ. Thus, we look at multiplicative relations in the orbits of non-preperiodic points. Theorem 4.13. Let ϕ ∈ K(X) be of degree d ≥ 2 and not of the form βX ±d with β ∈ K * and let α ∈ Q \ U be non-preperiodic for ϕ. Then, there are only finitely many positive integers n such that α and ϕ (n) (α) are multiplicatively dependent.
Proof. First, we can extend the field K to include also the element α, and thus also all elements ϕ (n) (α), n ≥ 1. Assume that there is a multiplicative relation, that is, there exists integers k 1 , k 2 , not both zero, such that (4.18) α k 1 ϕ (n) (α) k 2 = 1 for some n ≥ 1. Since α is not a root of unity, we have k 2 = 0 in (4.18). If we denote by Γ the group generated by α in K * , the equation (4.18) is equivalent to ϕ (n) (α) ∈ Γ, where Γ is the so-called division group of Γ defined by Γ = {a ∈ Q * : a m ∈ Γ for some positive integer m}.
We now apply a version [23, Corollary 2.3] (which is based on [17] ) to conclude that there are finitely many values ϕ (n) (α) satisfying (4.18) when n varies. Note that although [23, Corollary 2.3 ] is stated only for polynomials, the same argument works for rational functions satisfying our condition as well, and also under a more relaxed condition. Indeed, let S be a finite set of places of K, including the Archimedean ones, such that |α| v = 1 for any v ∈ S. So, |β| v = 1 for any β ∈ Γ and v ∈ S. Now, for any γ ∈ Γ, that is γ m ∈ Γ for some positive integer m, we also have |γ| v = 1 for any v ∈ S. Thus, ϕ (n) (α) ∈ R * S , where R * S is the ring of S-units in K, and now the finiteness of the corresponding set of values ϕ (n) (α) follows from [17, Proposition 1.6, (a)]. Since α is non-preperiodic, the points in the orbit Orb ϕ (α) are all distinct. This implies that there are finitely many n ≥ 1 satisfying (4.18). So, we complete the proof.
